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Abstract: This paper develops an interval data envelopment analysis (DEA) framework for
optimal system design (OSD) and optimal budget determination. Classical OSD DEA models
generally assume that input and output data are known precisely. In many applications,
however, production data are affected by measurement error, incomplete records, forecasting
uncertainty, or managerial judgment and are therefore more realistically represented by lower
and upper bounds. To address this issue, the present study extends profit-maximizing OSD
DEA models to the case of interval input and output data. The proposed formulation enables
a decision-making unit (DMU) to determine an economically desirable input-output
configuration under a given budget when benchmark data are imprecise. The study also
develops a complementary procedure for determining the optimal budget and for identifying
budget congestion in the interval-data setting. In this framework, budget congestion occurs
when forcing a DMU to consume a budget above the optimal level reduces profit rather than
improving performance. The models are formulated as deterministic linear programming
problems and can therefore be solved using standard optimization software. A numerical
example with ten DMUs, three inputs, and two outputs is used to illustrate the applicability of
the proposed approach. The results show that the interval OSD framework provides a practical
decision-support tool for profit-oriented resource allocation when production data are not
exactly known.

Keywords: data envelopment analysis, optimal system design, resource allocation, interval
data, optimal budget, budget congestion, parametric linear programming.

1. Introduction

Data envelopment analysis (DEA) has become one of the most influential non-
parametric methodologies for evaluating the relative performance of decision-

making units (DMUs) operating with multiple inputs and outputs. Its principal

advantage lies in its capacity to construct an empirical production frontier without requiring a predetermined
functional form for the underlying production technology. Within this framework, the observed performance of
each DMU is compared with feasible combinations of peer units, thereby providing a basis for identifying efficient
operations and determining potential improvements for inefficient units. Although the earliest applications of DEA
concentrated primarily on technical efficiency, subsequent methodological developments increasingly
incorporated economic dimensions of performance, including cost, revenue, profitability, resource allocation, and

target setting. Directional distance functions played an important role in this transition by providing a flexible
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framework in which improvements in outputs and reductions in inputs can be considered simultaneously and in
economically meaningful directions [1]. Consequently, DEA has evolved from a retrospective performance-
evaluation technique into a broader decision-support methodology capable of addressing complex managerial
questions concerning resource use, production planning, and economic optimization.

The distinction between technical efficiency and economic efficiency is particularly important in this context. A
DMU may operate on, or close to, the technically efficient frontier while nevertheless employing an economically
undesirable input-output configuration. Profit-oriented organizations are ultimately concerned not only with
whether resources are transformed efficiently into outputs, but also with whether the chosen combination of inputs
and outputs is economically appropriate given input costs, output prices, and resource limitations. Research on
profitability within DEA has demonstrated that observed profitability can be decomposed into technically and
allocatively meaningful components, thereby permitting a more informative evaluation of economic performance
than conventional technical-efficiency measures alone [2]. Subsequent developments have constructed
decomposable measures of profit efficiency and clarified the manner in which DEA can identify economically
meaningful improvement targets rather than merely radial efficiency adjustments [3]. Likewise, profit-efficiency
analysis based on shadow-price concepts has demonstrated that economically relevant benchmarking remains
possible even when conventional market-price information is limited or cannot be directly assigned to all
production units [4]. More recently, inverse DEA formulations have further extended economic DEA analysis by
considering cost and revenue efficiency in settings where explicit price information is absent, illustrating the
continuing effort to connect frontier analysis with realistic economic decision-making problems [5].

An important consequence of this development is a shift from asking how efficiently an existing system performs
toward asking how an improved system should be designed. Conventional DEA ordinarily treats the observed
input-output vectors of DMUs as given and evaluates their performance relative to a production possibility set
generated from peer observations. However, managers frequently face prospective rather than merely evaluative
decisions. They may need to decide how much of each input should be employed, what level of each output should
be targeted, how available financial resources should be allocated, and what production configuration would
maximize the economic value generated by a limited budget. These questions are central to optimal system design
(OSD). DEA-based OSD approaches exploit information contained in the observed production technology to
construct a feasible input-output combination that represents an economically desirable system rather than simply
projecting an existing inefficient unit toward the frontier.

The development of DEA-type models for optimal system design provided a systematic mathematical basis for
this prospective use of frontier analysis. Wei and Chang demonstrated that DEA technology can be employed not
only to evaluate existing production systems but also to design optimal systems and determine economically
appropriate budgets [6]. Under such an approach, the target system is constructed from the empirical production
possibility set, while economic information such as input costs, output prices, and a total budget is incorporated
directly into the optimization problem. The resulting model determines a feasible combination of inputs and
outputs that is benchmarked against observed DMUs and is optimal according to a specified economic criterion. In
the profit-maximizing formulation, the OSD problem directly identifies the production configuration that yields
the greatest attainable difference between output revenue and input cost under the available budget [7]. This
represents a substantive conceptual expansion of DEA because the analytical object is no longer restricted to the
performance score of an existing DMU; instead, the methodology determines how the system itself should be

configured.



Business, Marketing, and Finance Open, Vol. 4, No. 7

The budget component of optimal system design is especially consequential because financial resources often
constitute a binding constraint on organizational production possibilities. In many applications, decision makers
are provided with a predetermined budget and are expected to transform that financial resource into an appropriate
portfolio of inputs and outputs. Linear programming offers a natural mathematical structure for such problems
because resource restrictions, technological feasibility conditions, and economic objectives can be represented
simultaneously through linear constraints and objective functions [8]. Moreover, when the budget enters the
optimization model parametrically, changes in the optimal objective value can be examined as the available budget
varies. This allows decision makers to move beyond solving a production problem for one arbitrarily specified
budget and instead investigate the relationship between financial resources and attainable economic performance.

Research on optimal budgets has shown that a larger available budget does not necessarily imply
proportionately greater economic performance. Models specifically developed for system design and optimal
budgeting indicate that the optimal response of a DEA-based production system may change across different
ranges of the budget parameter [6]. Extensions to more complex series-network settings similarly demonstrate the
importance of determining the budget level that is consistent with optimal system performance rather than
assuming that all additional financial resources necessarily generate additional value [9]. From a managerial
standpoint, this issue is fundamental. An organization that allocates financial resources beyond the level required
to achieve its maximum attainable economic performance may create excess expenditure without obtaining a
corresponding improvement in profit. Consequently, identifying both the optimal system and the economically
appropriate budget can provide more useful decision support than maximizing resource utilization in isolation.

Despite these methodological advances, conventional OSD DEA formulations commonly rely on a restrictive
assumption: the input and output observations defining the reference technology are treated as precisely known.
In practical settings, however, production data are often imprecise. Input consumption may be affected by
measurement errors, accounting approximations, incomplete records, reporting delays, or uncertain future
requirements. Likewise, output quantities may depend on demand variability, forecasting errors, operational
volatility, or managerial estimates. When the analysis concerns prospective planning, the problem becomes even
more pronounced because the values used to construct benchmarks may represent expectations rather than fully
observed realizations. Representing uncertain quantities as exact point estimates can therefore create an artificial
degree of precision and may produce optimal designs that are sensitive to small changes in the underlying
observations.

Interval data provide an attractive way to represent such uncertainty when the precise probability distribution
of uncertain observations is unknown or unavailable. Instead of assigning a single value to an input or output, an
interval specifies lower and upper bounds within which the quantity is believed to lie. This representation is
comparatively simple, requires less information than probabilistic specifications, and can accommodate uncertainty
originating from measurement limitations, expert assessment, forecasting variability, or incomplete observations.
One of the important contributions to interval DEA was the development of interval efficiency assessment
procedures that derive lower and upper efficiency bounds for DMUs whose production data cannot be represented
by exact values [10]. This work established a useful methodological basis for incorporating bounded observations
into DEA and demonstrated that efficiency analysis can remain computationally tractable even when inputs and
outputs are imprecise.

The interval DEA literature subsequently expanded from efficiency assessment toward target setting and more

general treatment of imprecise observations. Malekmohammadi et al. extended Wang-type interval representations
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to the determination of DEA targets, demonstrating the relevance of interval information not only for measuring
performance but also for identifying attainable improvement levels [11]. More recently, generalized DEA models
with imprecise data have provided broader formulations for accommodating uncertainty in production
observations and have reinforced the importance of constructing frontier models capable of operating when exact
input-output information is unavailable [12]. These developments are particularly pertinent to optimal system
design because the design problem fundamentally depends on the benchmark technology. If benchmark
observations themselves are uncertain, the input-output system derived from them should explicitly reflect that
uncertainty rather than being constructed from arbitrarily selected point estimates.

Other strands of the DEA literature have approached uncertainty using robust, stochastic, and chance-
constrained formulations. Robust DEA is especially useful when decision makers wish to protect efficiency
evaluations or production decisions against unfavorable realizations of uncertain parameters. Data-driven robust
DEA models, for example, have demonstrated how uncertainty sets informed by observed information can be
incorporated into operational-efficiency assessment, thereby reducing dependence on unrealistically precise
production data [13]. Robust DEA with variable budgeted uncertainty has further advanced this perspective by
allowing the extent of protection against uncertainty to vary rather than imposing a single uniform level of
conservatism [14]. Such approaches reveal an increasingly important principle in frontier analysis: uncertainty
should be treated as an integral part of the production model rather than as a secondary issue addressed only after
deterministic efficiency scores have been calculated.

Chance-constrained formulations provide another strategy when uncertainty can be characterized
probabilistically. Research on optimal scale sizes and average-profit efficiency under uncertainty has shown how
chance-constrained DEA can combine economic efficiency concepts with uncertain production conditions, thereby
providing probabilistically feasible benchmarks and economically relevant scale recommendations [15]. Similarly,
uncertain two-stage network DEA models based on chance-constrained programming illustrate how uncertainty
can be incorporated when production consists of interconnected internal stages rather than a single black-box
transformation process [16]. Collectively, these studies indicate that uncertainty is not confined to a particular DEA
formulation; rather, it affects technical efficiency, economic performance, network production processes, system
design, and resource-allocation decisions.

The importance of accommodating uncertainty becomes even greater in dynamic and network production
environments. Contemporary organizations frequently consist of multiple linked activities whose outputs in one
stage become intermediate products or resources for subsequent stages, while decisions in one period influence
performance in later periods. Integrated dynamic interval DEA has demonstrated that interval information can be
incorporated into multi-period frameworks even in the presence of challenging features such as integer and
negative observations [17]. Dynamic network approaches have also increasingly integrated economic
considerations into multi-stage and intertemporal efficiency evaluation. A directional-distance-function approach
to cost-effectiveness in dynamic network DEA, for example, demonstrates how cost-related performance can be
evaluated while acknowledging the internal and temporal structure of production systems [18]. More recently,
value-based dynamic network DEA has integrated cost and revenue efficiency with target setting, further
illustrating the movement of the field toward models that simultaneously evaluate performance and generate
economically actionable production targets [19]. These developments underscore the relevance of integrating
uncertainty, economic optimization, and target-oriented DEA rather than studying these issues as independent

methodological problems.
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Nevertheless, an important gap remains between the literature on optimal system design and the literature on
uncertain or interval DEA. Existing profit-maximizing OSD models provide a powerful mechanism for constructing
economically desirable production systems and investigating budget requirements, but their usefulness may be
constrained when the reference input-output data are not precisely known. Conversely, interval and uncertainty-
based DEA approaches have developed sophisticated procedures for handling imprecise observations, yet much
of this literature remains oriented toward evaluating existing DMUs, estimating efficiency ranges, or setting
conventional improvement targets. The direct integration of interval-valued benchmark data into a profit-
maximizing OSD model therefore represents a meaningful methodological extension. Such integration permits the
production system itself to be designed under bounded information rather than treating uncertainty merely as a
complication surrounding an otherwise deterministic design.

This integration also creates a natural basis for revisiting the concept of optimal budget under uncertain
production information. When input and output benchmarks fluctuate within intervals, the amount of financial
resources required to support an economically optimal system may itself depend on how the uncertain production
possibilities are represented. A useful model should consequently determine not only an optimal input-output
configuration but also the minimum economically sufficient budget associated with maximum attainable profit.
Furthermore, it should distinguish an increase in budget that expands economically productive opportunities from
an increase that simply creates redundant financial capacity. The latter condition can be interpreted as budget
congestion: a situation in which additional available resources fail to improve profit and, when full expenditure is
imposed, may compel the system toward an economically inferior production configuration. This interpretation
extends the logic of congestion from excessive physical input use toward excessive financial-resource allocation
and provides an explicit managerial criterion for determining when additional expenditure is no longer
economically justified.

Accordingly, a unified interval OSD framework can provide several methodological and practical benefits. First,
it preserves the benchmarking logic of DEA while allowing reference production information to be expressed
through lower and upper bounds. Second, it incorporates input costs, output prices, and budget constraints so that
the resulting design is evaluated according to economic rather than purely technical criteria. Third, because the
underlying structure can remain within linear programming, the model retains the computational tractability that
has historically contributed to the practical applicability of DEA. Fourth, parametric analysis of the budget can be
used to identify the level at which the maximum attainable profit is achieved and to determine whether further
financial allocations provide additional economic value. Finally, the framework can supply managers with an
interpretable distinction between an available budget and an optimal budget, thereby discouraging the assumption
that complete expenditure of allocated resources is necessarily synonymous with efficient management.

Such a framework is potentially relevant across numerous sectors in which organizations must make resource-
allocation decisions using imperfect production information. Banks may face uncertain demand and heterogeneous
branch-level production conditions; healthcare organizations may need to allocate financial and human resources
before service demand is precisely known; educational institutions may operate with uncertain enrollment, staffing
requirements, and output measures; manufacturing organizations may confront variability in input requirements
and production yields; and public agencies may be required to plan expenditures using forecasts and bounded
estimates rather than exact future observations. In each of these contexts, an optimal design based on deterministic
point estimates can provide misleading precision, whereas an interval framework more explicitly recognizes the

informational conditions under which managerial planning occurs.
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The literature therefore demonstrates substantial progress in economic DEA, optimal system design, interval
efficiency analysis, robust and chance-constrained uncertainty modeling, dynamic and network structures, and
economically oriented target setting. Yet the combination of these developments points to the need for a
parsimonious framework capable of designing a profit-maximizing production system from interval-valued
benchmark data while simultaneously determining an economically optimal budget and diagnosing excessive
financial allocation. Addressing this need can extend the role of DEA from efficiency assessment toward
uncertainty-aware economic system planning and provide a bridge between frontier-based benchmarking and
practical budget-allocation decisions.

Therefore, the aim of this study is to develop an interval-data DEA framework for profit-maximizing optimal
system design that determines optimal input-output targets and the optimal budget while identifying budget

congestion under uncertainty.

2. Preliminaries

This section introduces the methodological foundations required for the proposed interval OSD model. First, the
interval DEA approach is reviewed because it provides a convenient representation of imprecise production data.
Second, the classical profit-maximizing OSD DEA model is presented as the deterministic benchmark that is
extended in this paper.

Wang's method

MU 5 j=1,...n (X5, V) J=len,

Assume that a set of DMUs consisting of ’ with input-output vectors

- r = T T T
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Together with Models (1) and (2), 8} and6;’ constitutes an interval that covers all possible efficiency scores for

: 0! = 6L, 6Y
the evaluated unit DMUj, and we defineitas 7° [ Jo 7 "o ] _

Wang's method provides interval efficiency scores [6}: ,9};] for each DMU under evaluation. However, the
present study does not directly use these efficiency scores. Instead, we adopt Wang's representation of interval data
— i.e., the use of lower and upper bounds for inputs and outputs — as the foundation for our OSD model.
Specifically, Wang's method demonstrates how interval DEA models can be formulated using the bounds

xiL]-, xiL]’-, yTL]-, yrU]-. We extend this representation to the OSD context, where the goal is not to evaluate an existing DMU
but to design an optimal production system. Thus, while Wang's efficiency intervals are not explicitly incorporated
into our optimization model, the interval-data structure proposed by Wang et al. (2005) provides the

methodological basis for handling uncertainty in the reference DMUs' production data.

2.1.  Optimal system design DEA models

At this subsection, we provide an overview of the OSD DEA models proposed by Wei and Chang (2011b).

C=(C1,CpruersCpy) >0

suppose that the target DMU's price data are available, and let be an 7 X1 vector of

T
P= y e >0
(pl ps) be an S X1 vector of output prices. It should be noted that the reference

input costs, and
DMUSs’ price data are unknown to the target DMU. Based upon the DMU's total available budget B, Wei and Chang
(2011b) developed the following corresponding optimal Profit-maximization system design DEA model (a linear

programming model):

S m
Maxz bryr — z CiXi
r=1 i=1
n
(LOSD)s.t.ZJ?UAj <xyi=1,...m (a)
=
n
ZyrjAijr,r=1,...,s, ()
j=1
m
Z CiX; < B,
i=1
n
dyst,

-
Il
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x;=20,y.>20,i=1,...mr=1,...,s,
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N A A A T ~ A A A T
X =(x:,%;,x_.) >0 1 =(V1:,Y9:5.0-5 Yo ) >0
where 7 ( 1j>72j> "mj ) , the input vector for the jth DMU; and Yi (ylf Y2 ysj) , the output

jth =1...,n.

vector for the DMU, for J

Losp included three types of decision variables, named, input vector x, output vector y and weight vector A .
Moreover, it is should be noted that the production possibility sets act as the feasible regions in the OSD DEA
models which the n observed DMUs’ input and output information is used to benchmark DMU—(x,y). It could be
concluded that the larger number of observed DMUs, gives the more effective the benchmarking ability.

From inequalities (a) and (b), and the condition that C >0 and P > 0, it is easy to check that the optimal solution

N m
PrYr— zcixi
1 i=1

of (Losp), that maximizes *= must satisfy

n n
XZ=ZZJXZ, i=1..m yrzzﬂf]y,‘.] , r=1L..s.
= =
W Wi
X .. d Y
Therefore, by replacing = ¢ and < 7 with /= J= , respectively, In (Losp), we reach

the following linear programming model, that only consists of two constraints and n non-negative variables, i.e.,

s st

n S n m
Maxz A Z Dy Yrj — Z A Z Ci%ij
j=1 r=1 j=1 i=1
s.t. 3)
n m
Z Aj Z Cifij <B
j=1 i=1
n
Yyt

3 * 3 * *
Definition 1. Denote the optimal solution to( )as/i the optimal solution ( ), and as® Y4V ihe

n n
NPT Ak ok
PRI SN o
corresponding optimal values of x and y, respectively; note that =l and 7=l X5 V) g
referred to as the optimal design (based on benchmarking n DMUSs).
* *
Definition 2. The system associated with optimal design (x5 y )given total available budget B is referred to as

* *
the optimal system because Xy )is the optimal input-output pair that a system can have under these

circumstances.
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3. Optimal System Design for DMUs with Interval data

To address uncertainty in production data, we extend the optimal profit-maximization Optimal System Design
(OSD) DEA model to the case where the inputs and outputs of the reference DMUs are represented by interval
values. Following the interval DEA framework proposed by Wang et al. (2005); Malekmohammadi et al., 2010; Wu
et al., 2024, each input and output is assumed to be known only within a lower and an upper bound rather than as
an exact value. This interval representation provides a practical way to model uncertainty arising from
measurement errors, incomplete observations, forecasting uncertainty, and managerial judgment.

Let j = 1, ...,n denote the set of DMUs, i = 1,...,m the input indices, and r = 1, ..., s the output indices. Let Xij
denote the amount of input i consumed by DMUj;, and y,; denote the amount of output r produced by DMU;. Under
interval uncertainty, the production data are represented as

xij € [xb i) ey € [yr ]

where, x/; and y}; denote the lower and upper bounds of input i, respectively, and y;; and y;; denote the
corresponding lower and upper bounds of output r. It is assumed that x/; = 0 and y;; = 0 foralli = 1,..,m, r =
1,..,s,andj=1,...,n.

Assume that the target DMU has complete information regarding its own economic parameters. Let

C = (cy,Cp s )T >0,
be the mx1 vector of input costs, and

P = (p1, P2 -,P5)" >0,
be the sx1 vector of output prices. As in the classical OSD DEA framework of Wei and Chang (2011b), the price

information of the reference DMUs is assumed to be unavailable. Given the total available budget B, the following
linear programming model is proposed to determine the optimal profit-maximizing system design under interval
data.

In Model (Lpsp) below, we adopt an optimistic bound-selection strategy: inputs are represented by their lower
bounds x{ and outputs by their upper bounds y. This choice is deliberate and reflects the planning context of
optimal system design. Unlike traditional DEA evaluation models — which assess the performance of existing
DMUs using consistent bounds for the same unit — our OSD framework is concerned with designing a new
production system. In this design context, the target DMU is not restricted to any single observed realization of the
uncertain data; rather, it can plan for a favorable combination of input and output levels as long as each lies within
its respective interval.

Consequently, the optimistic bound selection corresponds to a best-case planning scenario, consistent with the
maximax decision criterion, and is common in interval DEA studies that focus on identifying upper-bound
benchmark targets (Wang et al., 2005; Malekmohammadi et al., 2010; Wu et al., 2024).

It is important to emphasize that the proposed model does not claim to evaluate the actual performance of the
target DMU under any specific realization of the data. Instead, it provides a target design that the DMU can aim to
achieve if favorable conditions materialize. For a conservative (worst-case) design, one could instead use x/ for
inputs and yY for outputs; such an extension is straightforward and would yield a lower bound on attainable profit.
The choice between optimistic and conservative designs depends on the risk attitude of the decision maker and the

specific planning context.
(Losp)
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s m

U L

Max Z brYr — Z CiX;
r=1 i=1

xt=0, i=1,.,m,
yY >0, r=1,..,s
>0, j=1,..,n
Model (Lysp) contains three groups of decision variables: the input vector x, the output vector y, and the intensity
vector A. The model constructs a virtual production unit as a convex combination of the observed DMUs and
determines the input-output combination that maximizes the target DMU's profit while satisfying the available
budget constraint. Similar to the classical OSD DEA framework, the production possibility set is generated from
the observed interval-valued production data of the reference DMUs. Consequently, increasing the number of
observed DMU s enriches the production possibility set and enhances the benchmarking capability of the proposed
model.
Since the input costs and output prices are strictly positive (C>0 and P>0), any unnecessary increase in inputs or
decrease in outputs would reduce the objective function. Therefore, at the optimal solution, the production

constraints become binding. Hence, the optimal solution of Model (Lpg),) satisfies
n

and
n
U =Z,1jy;fj, r=1,..,5s.
=1

To verify that the optimal solution satisfies these equalities, suppose, to the contrary, that there exists an optimal

n
xt> > a2k
=1

for some input i. Since ¢; > 0, reducing x/ to Y7_, A;2/; would strictly decrease the term Y7, ¢; x/ in the objective

solution with

function without violating any constraint, thereby increasing the objective value. This contradicts the optimality of
the solution. Therefore, x; = ¥}, 4;&; must hold at optimality.

Similarly, suppose there exists an optimal solution with

n
W< uY,
=1

10
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for some output r. Since p, > 0, increasing yY to Z}l:ll-f/ruj would strictly increase the term Y5_,p, ¥~ in the
objective function without violating any constraint, thereby increasing the objective value. This contradicts the
optimality of the solution. Therefore, y/ = ¥7_; 4;9;; must hold at optimality.

Hence, at the optimal solution, both the input and output constraints are binding, and no slack variables are
present. This justifies the substitution of x; and y! with their corresponding convex combinations of the observed
bounds.

Substituting these equalities into the objective function and the budget constraint eliminates the explicit input
and output decision variables, resulting in an equivalent optimization model involving only the intensity variables.

Accordingly, Model (L}gp) can be reformulated as

n n m n

Max L8 =) ¢ A 2k

Dr j Vrj i j Aij

j=1 j=1 i=1 j=1

s.t.

m n

Z Ci Z Aj 56'\,5 < B,

i=1 j=1

which is denoted by (Lp).
By rearranging the objective function of Model (L), the optimization problem can be expressed in a more
compact form. Specifically, by grouping the terms associated with each reference DMU, Model (Ljgp) is

equivalently rewritten as

j=1 r=1 i=1

s.t.

n m

> (Yt <5
j=1 i=1

n

Yyt

j=1

420, j=1,..,n

Compared with Model (L), the compact formulation (L) contains only one class of decision variables,
namely the intensity variables 4;. Consequently, the computational burden is substantially reduced without
changing the optimal objective value or the corresponding optimal production plan. Therefore, Model (L})) is
computationally preferable for determining the optimal system design.

After solving Model (L}p), the optimal intensity vector

A= A425,..,4)

is obtained. The corresponding projected production point is then computed as the convex combination of the

observed DMUs using the optimal intensity variables.

Accordingly, the projected input and output vectors are determined by

11
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j=1
and
n
9, = Z A9, r=12..,s.
j=1
The projected point

*9)
represents the optimal profit-maximizing production system that satisfies the available budget constraint and
lies on the efficient frontier generated by the observed DMUs. Therefore, it provides the benchmark production
plan for the target DMU under the interval-data framework.
Definition 3. Let
A =1L2,...,4)
denote the optimal solution of Model (L}g,). The corresponding optimal input and output vectors are

respectively given by

and
n
y; = z,ljyg r=12,..,s.
j=1

The corresponding budget consumed by the optimal system design is

m n m
i=1 j=1

i=1

The maximum attainable profit associated with the available budget B is defined as

S m
f(B) = Z DYy — z CiXi,
r=1 i=1

or, equivalently,
n s m
B =% (Z REEDY sz5>-
j=1 r=1 i=1
Accordingly, the pair
(%y)
is referred to as the optimal system design, while
B — B*

represents the remaining budget after implementing the optimal production plan.

The optimal input-output pair (x*,y*) defines the profit-maximizing production system attainable under the
available budget B. Therefore, it provides the optimal benchmark for the target DMU within the proposed interval
optimal system design framework.

Theorem 1. Let

A =A125,..,4)
be the optimal solution of Model (L}gp), and let

12
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ARL, =12
=1
and
n
= Zz;fy;’j, r=12,

be the corresponding optimal input and output vectors. Then, the optimal system design

(x%y")

lies on the efficient frontier of the production possibility set Tysp. Equivalently, (x*,y*) is a Pareto-efficient

solution of the following vector optimization problem:

wpP) min(x,—y)
s.t. (x,y) € Tosp
Proof: Let
A =04, 4)

be an optimal solution of Model (L};). By Definition 3, the corresponding optimal input-output vectors are

n
x; = Z ARE,  i=12,..
j=1
and
n
=) 4%, r=12.
j=1
Hence, the pair
%y
is feasible for the production possibility set Tysp.
The objective function of Model (L},) is
N m
max(Y o e
r=1 i=1

:mt

.,S.

)

where the output price vector P = (py, ..., ps)” and the input cost vector C = (cy, ..., c,)" satisfy

P >0,

C>0.

Therefore, the objective function is strictly increasing with respect to each output component and strictly

decreasing with respect to each input component. Consequently, any feasible solution that improves at least one

output without increasing any input, or decreases at least one input without reducing any output, would yield a

strictly
(Y7

larger objective

value,

contradicting

the optimality of

Hence, there exists no feasible point in Tjsp that dominates (x*,y"). Therefore,

(x%y")

is a Pareto-efficient solution of the vector optimization problem

subject to

min(x, —y)

(x,¥) € Tosp-
According to the fundamental results of multi-objective optimization (Zeleny, 1974), every Pareto-efficient

solution lies on the efficient frontier of the production possibility set. Consequently,

(x%y")

13
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belongs to the efficient frontier of Tygp.[]

The OSD DEA Model (L}gp) ccan be viewed as a parametric linear programming (PLP) problem in which the
total available budget B appears as the right-hand-side parameter of the budget constraint. Therefore, the theory of
parametric linear programming (Gass, 2010; Gass and Saaty, 1955; Wei and Chang, 2011b) can be employed to
investigate the relationship between the optimal system design and the available budget, and to determine the

target DMU's optimal budget. This issue is discussed in detail in the section 5.

Example

To illustrate the applicability of the proposed interval OSD DEA model, we consider a data set consisting of 10
decision-making units (DMUs), each characterized by three inputs and two outputs. Since the production data are
subject to uncertainty, all inputs and outputs are represented by interval values. The interval input-output data of
the ten DMUs are reported in Table 1.

The input cost vector and output price vector are specified as

¢ = (0.5,0.1,0.5)7,
and
P = (0217,
respectively. These values are assumed to be known by the target DMU and remain fixed throughout the

analysis. Following the assumptions of the proposed OSD DEA model, the economic information of the reference

DMUs is not required.
Tablel. Interval input-output data of the 10 DMUs.
D X o) X3 N 4%
MU

1 [7,11] [40,6 [1,3 [80,120] [25,4
0] ] 5]

2 [8,12] [30,5 [3,5 [60,100] [5,15]
0] ]

3 [7,11] [20,4 24 [80,120] [20,4
0] ] 0]

4 [6,10] [15,3 [1,3 [40,80] [5,25]
5] ]

5 [8,12] [30,5 [4,6 [65,105] [15,3
0] ] 5]

6 [5,9] [25,4 [1,4 [70,110] [25,4
5] ] 5]

7 [5,9] [20,4 [4,6 [80,120] [15,3
0] ] 5]

8 [10,1 [30,5 [3,5 [100,14 [5,15]

4] 0] ] 0]
9 [7,11] [15,3 [1,4 [90,130] [5,25]

5] ]

14
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10

[8,12]

0]

[60,100]

0]

[10,3

Model (L}sp) was solved for each DMU using the proposed optimization procedure. For every target DMU, the

model determines the corresponding optimal input-output combination that maximizes profit while satisfying the

available budget constraint. The resulting optimal system designs are summarized in Table 2.

Specifically, Columns 2—4 present the optimal levels of the three input variables, Columns 5 and 6 report the

corresponding optimal output levels, and the final column presents the maximum attainable profit associated with

each optimal system design.

Table 2. Optimal system designs and corresponding maximum profits.

DMU xt X; X; » b profit

1 5.50 27.5 0.69 68.75 20.62 41.
94

2 5.18 25.8 0.65 64.70 19.41 17.
15

3 6.29 314 0.79 78.57 23.57 44.
79

4 8.00 40.0 1.00 100.00 30.00 36.
00

5 4.89 24.4 0.61 61.11 18.33 28.
72

6 8.00 40.0 1.00 100.00 30.00 61.
50

7 6.77 33.8 0.85 84.61 25.38 44.
42

8 4.63 23.1 0.58 57.89 17.37 19.
39

9 8.00 40.0 1.00 100.00 30.00 45.
50

10 5.18 25.8 0.65 64.71 19.41 26.
85

The computational results indicate that the proposed interval OSD DEA model successfully identifies an

economically efficient production plan for each DMU. The optimal system designs differ considerably across the

ten DMUs, reflecting differences in their production structures and interval-valued production data. Likewise, the

corresponding maximum profits vary substantially, indicating that the economic potential of the DMUs is strongly

influenced by both their production technology and the available budget.

For example, DMU 6 achieves the highest maximum profit among the ten DMUs, whereas DMU 2 produces the

lowest profit. This observation suggests that the proposed model is capable of distinguishing the economic

performance of DMUs while simultaneously accounting for uncertainty in the production data.

15
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The results further demonstrate that the proposed interval OSD DEA model provides both an optimal
production target and its associated economic performance. Consequently, the proposed approach serves not only
as a benchmarking tool but also as a decision-support model for determining economically optimal production

systems under interval uncertainty.

4. Optimal budget determination and budget congestion

Determining the optimal budget is one of the fundamental issues in optimal system design because the available
budget directly influences the attainable production plan and the corresponding economic performance. This issue
becomes even more important when the production system is characterized by interval-valued inputs and outputs,
since uncertainty in production data affects both resource allocation and the resulting production targets.
Consequently, identifying an appropriate budget under interval uncertainty is an essential component of the
proposed interval OSD DEA framework.

In addition to determining the optimal budget, it is equally important to investigate whether increasing the
available budget always improves the economic performance of the system. In practice, additional financial
resources do not necessarily lead to proportional improvements in production efficiency or profitability. Beyond a
certain level of investment, additional budget may generate little or no improvement in the optimal production
plan. This phenomenon is commonly referred to as budget congestion.

To address these issues, this section is divided into two parts. First, a parametric linear programming approach
is employed to determine the optimal budget associated with the proposed interval OSD model. Subsequently, the
concept of budget congestion is investigated to identify situations in which additional budget fails to produce

corresponding improvements in the optimal system design.

4.1. Optimal budget determination under uncertainty condition

The total available budget B plays a fundamental role in determining the optimal system design (x*, y*) obtained
from Model (L}p). Since the budget constraint directly affects the feasible region of the optimization problem, it
also influences both the optimal objective value and the corresponding optimal input-output combination.
Therefore, understanding the relationship between the available budget and the optimal system performance is
essential for effective resource allocation under interval uncertainty. Let Z denote the optimal objective value of
Model (L}sp). By treating the available budget B as a parameter, the optimal objective value can be expressed as a
function of the budget, namely,

Z=f(B),

where f(B) represents the maximum attainable profit corresponding to the available budget B. The domain of the

budget function is defined as
0={BeR|B>0}

Accordingly, Model (L}gp) can be written as the following parametric linear programming problem:
n

N m
(Lhsp)  Max Y (Z REDY cﬁ@)
r=1

j=1 i=1
s.t.
n m
oL
>y (Yash)<n
j=1 i=1
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n
PR
=1

/1j20, j=1,...,n

As shown by Wei and Chang (2011a), the optimal objective value of the OSD DEA model is a monotonically non-
decreasing and concave function of the available budget. Consequently, increasing the available budget cannot
decrease the maximum attainable profit; however, additional budget does not necessarily result in proportional
improvements in the optimal objective value. Beyond a certain budget level, further increases in available resources
may have little or no impact on the optimal profit.

From a managerial perspective, it is therefore important to determine whether allocating additional budget is
economically beneficial. In particular, decision makers need to identify the minimum budget required to achieve
the maximum attainable profit and to determine whether the available budget is being utilized efficiently. These
considerations naturally lead to the concepts of optimal budget and budget congestion, which are formally
introduced in the following definitions and theorems.

Definition 4. Let f(B) denote the optimal objective value of Model (L}g,) corresponding to the available budget
B. The optimal budget is defined as

B =min{B € Q|f(B) = r;lggf(B)},
where
Q={BER|B =0}

is the feasible set of available budgets.

In other words, B** is the smallest available budget that attains the maximum profit of the proposed interval
OSD model. Therefore, any budget greater than B**does not improve the optimal objective value and is unnecessary
from the viewpoint of profit maximization.

Theorem 2. Let

A =12,...,4)
be the optimal solution of Model (L}sp), and suppose that
n m
>% (Z ciffj> <B.
j=1 \i=1
Define
n m
BT =% (Z ciff,.).
j=1 \i=1
Then, for every available budget
B = B™,
the optimal objective value remains unchanged; that is,

n N m
FB) =B =) % (Z RUEDY qf@) .
j=1 r=1 i=1
Consequently, B** is the optimal budget of the target DMU, since any additional budget beyond B** does not
increase the maximum attainable profit.
To determine the optimal budget, it is useful to consider the OSD DEA model without an explicit budget

constraint. By removing the budget restriction from Model (L};), the following optimization problem is obtained:
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n N m
(Whsp) ~ maxf(B)= ) (Z P9y - ). qf@)
r=1

j=1 i=1

s.t.

n
dyst
=

/1j20, j=1,...,n
Model (Ljsp) represents the unconstrained optimal system design problem, in which the available budget
does not restrict the feasible production set. Consequently, the model determines the maximum attainable profit
independently of any budget limitation. According to Theorem 2, the optimal solution of Model (L§sp) provides
the optimal intensity vector A%, from which the corresponding optimal budget B** and the associated optimal input-
output vectors can be obtained directly. Specifically, the optimal budget is computed as
n m
BT =% (Z ciff,.),

j=1 \i=1

while the corresponding optimal system design is determined according to Definition 3.

Therefore, solving Model (L}sp) enables the decision maker to identify both the minimum budget required to
achieve the maximum attainable profit and the corresponding optimal production plan under interval uncertainty.
This result follows directly from Theorem 2 and establishes the basis for the subsequent analysis of budget
congestion.

Let f (B*) denote the optimal objective value of Model (L},). Since Model (L},) is a linear programming
problem, multiple optimal solutions may exist. Consequently, different optimal solutions may consume different
amounts of budget while yielding the same maximum attainable profit.

To characterize the range of budget values associated with the optimal profit, two auxiliary optimization models
are proposed. The first model determines the minimum budget required to attain the optimal objective value,
whereas the second model determines the maximum budget corresponding to the same optimal profit.

The minimum feasible budget is obtained by solving the following optimization problem:

MinB, )
s.t.
n N m
>y (Z REEDY cif%,) = F®"),
j=1 r=1 i=1
m

AJZO, j=1,...,n.

Similarly, the maximum feasible budget associated with the same optimal objective value is obtained from

Max By (8)
s.t.
n N m
> (Z RUEDY c@f,) = F®),
j=1 r=1 i=1
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S (z)

420, j=1,...,n
Let B; and Bj; denote the optimal solutions of Models (7) and (8), respectively. These two values define the
interval of budget levels that achieve the same maximum profit. Therefore, when multiple optimal solutions exist,
any available budget satisfying
Bl <B<Bj
can support an optimal production plan without reducing the optimal objective value.

If the available budget is assumed to be fully utilized, the proposed interval OSD DEA model can be

Max f(B)—Z (Zpryr, Z u)

reformulated as

stz (Zc, U) B, )
=1

=0, j=1,..n
Model (9) represents the interval OSD DEA formulation under the assumption that the entire available budget
is allocated to the production system. This formulation provides the basis for the subsequent analysis of budget
congestion under interval uncertainty.
Theorem 3. Let B and Bj; denote the optimal solutions of Models (7) and (8), respectively. Then, the optimal
objective value f(B) of Model (L}gp) satisfies the following properties:

If
B < Bj,
then f(B) is a monotonically increasing function of the available budget B.
If
B; < B < By,
then
f(B) = f(B"),

that is, the maximum attainable profit remains constant throughout the interval [B;, B].
If
B > B},
then
f(B) = f(B"),

and therefore, additional budget does not improve the optimal objective value. Consequently, any increase in
the available budget beyond B}, is economically ineffective with respect to profit maximization.

The results presented in Theorems 2 and 3 are consistent with the findings of Fang (2014), while extending the
analysis to the interval-data Optimal System Design (OSD) DEA framework. Based on these results, the following

corollary is obtained.
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Corollary: For Model (L}gp), the optimal budget is B**, and the corresponding maximum attainable profit is

f (B™). Furthermore, a target DMU is said to experience budget congestion whenever
B > By,

where B denotes the available budget and By, is the upper bound of the optimal budget interval obtained from
Model (8). Under this condition, increasing the available budget does not improve the maximum attainable profit;
that is,

f(B) = f(B™), VB > By.

Therefore, the additional budget allocated beyond B, does not contribute to improving the economic

performance of the target DMU and is regarded as budget congestion within the proposed interval OSD DEA

framework.

4.2. Budget congestion

In the proposed interval OSD DEA framework, the available budget is treated as a limited economic resource
that determines the feasible production system. The previous section showed that increasing the available budget
does not necessarily improve the maximum attainable profit. Consequently, an important managerial question is
whether allocating and fully consuming the available budget is always economically beneficial.

According to Theorem 2, when the budget consumed by the optimal system satisfies
m

z cixk < B,

i=1

additional budget does not change the optimal production plan or increase the maximum attainable profit.
Therefore, forcing the decision maker to utilize the entire available budget may lead to inefficient resource
allocation without improving economic performance. This phenomenon is referred to as budget congestion in the
proposed interval OSD DEA framework.

Unlike the classical notion of congestion in DEA, which is associated with excessive use of production inputs,
budget congestion describes the situation in which additional financial resources fail to generate any improvement
in the optimal profit. Consequently, allocating a budget beyond the economically efficient level results in
unnecessary resource consumption without increasing the system's performance.

To investigate this phenomenon, suppose that the available budget must be completely utilized. Replacing the

m
Z cxt <B
i=1

budget inequality

with the equality
m
Z cixk =B,
i=1

the proposed interval OSD DEA model becomes

m

N
(Thso) Maxf(B) = ) p = ) it
r=1

i=1

n
s.t. 2/1}-)?{“}- <x; i=1,...,m,
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x; =0, i=1,...,m,
v, =0, r=1,...,s,
A =0, j=1..,n
Eliminating the explicit input and output variables in the same manner as described for Model (Lgp), an

equivalent formulation is obtained as

(z?())SD) Maxf(B) = zn: A (i pr}A’ﬁ]j - i CiJ?iLj>

j=1 r=1 i=1
n m
w 3a(Fari)-o
j=1 i=1
n
PEES!
j=1

=0, j=1,..,n
Assume that Model (L3, ) is feasible for the given budget B, and let
T= (s 1)
be its optimal solution. Suppose further that
n m
B* = Z b (Z ciffj> <B.
j=1  \i=1

In this case, the optimal objective value obtained under the compulsory budget-consumption assumption

satisfies
f(B) < f(B).

Hence, requiring the entire available budget to be spent results in an economically inferior solution compared

with the original interval OSD model. Therefore, whenever
B > B,

the target DMU experiences budget congestion, since additional budget does not improve the maximum
attainable profit and may reduce the economic efficiency of the production system.

The inequality f(B) < f(B) is a mathematical consequence of the fact that the equality-constrained feasible set
is a subset of the inequality-constrained feasible set. However, the economic interpretation of budget congestion
goes beyond this mathematical observation. In the proposed framework, budget congestion is said to occur when
ar(®)

the marginal profit with respect to the available budget becomes zero or negative; that is, when == < 0.

This occurs precisely when the available budget exceeds the optimal budget B** (or By, in the case of multiple
optimal solutions). At this point, additional financial resources provide no further improvement in profit,

indicating that the DMU has reached its economically efficient scale of operation. This phenomenon is analogous
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to the classical concept of congestion in production economics, where additional inputs fail to increase output, but
is adapted here to the context of budget allocation and profit maximization.
Theorem 4. Let
I= s 1)
be the optimal solution of Model (L}sp), and assume that

n m

=1 i=1
Then,
f(B) < f(B) = f(B).
Proof: Let
S; =1{x Zcixf =B
i=1
and

m
S, =1x ZcifoB

i=1
denote the feasible regions of Models (LYsp) and (L3sp ), respectively. Since every feasible solution satisfying

m

Zcixf =B

i=1

m
z cixk < B,
=1

Therefore, the feasible region of the equality-constrained model is a subset of the feasible region of the inequality-

also satisfies

it follows immediately that

constrained model. Since both models maximize the same objective function, restricting the feasible region cannot

improve the optimal objective value. Consequently,

f(B) < f(B).
Furthermore, by Theorem 2, whenever
B* < B,
the optimal objective value of the original interval OSD DEA model remains unchanged; that is,
f(B) = f(B).

Combining the above two results yields
fB) <f(B) =f(BY)
which completes the proof. []
The equality constraint
n m
j=1 \i=1
in Model (L%s,) requires the target DMU to utilize the entire available budget, regardless of whether doing so
improves its economic performance. Consequently, the imposed equality may force the DMU to operate beyond

its economically efficient budget level, thereby giving rise to budget congestion.
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Within the proposed interval OSD DEA framework, budget congestion refers to the situation in which an
increase in the available budget beyond the optimal budget does not increase the maximum attainable profit and
may even reduce the economic efficiency of the production system. In such cases, the marginal benefit obtained
from additional expenditure is insufficient to compensate for the corresponding increase in production cost,
resulting in economically inefficient resource allocation.

The previous analysis established that the original model allows the DMU to determine its optimal budget
endogenously through the inequality budget constraint. In contrast, Model (L%}, ) forces the entire available budget
to be consumed. Consequently, whenever the available budget exceeds the economically optimal level, the
equality-constrained model may produce a lower objective value than the original model. This phenomenon
provides the theoretical basis for identifying budget congestion within the proposed interval OSD DEA framework.

To illustrate the occurrence and economic implications of budget congestion, a numerical example is presented

in the following subsection.

5. Illustrative Example

To illustrate the proposed interval OSD DEA approach, the same data set consisting of 10 DMUs, each with three
inputs and two outputs, is considered. The interval input-output data are presented in Table 1, while the input cost
vector and output price vector are given by

€ = (0.5,0.1,0.5)7
and
P =(0.21)T

respectively.

Models (7)—(9) were solved using GAMS 8.0, a high-level mathematical programming system for solving linear
and nonlinear optimization problems. The computational results indicate that the maximum attainable profit is

f(B™) = 61.50,
which corresponds to DMU 6 (see Table 2). The optimal budget for this DMU is uniquely determined as
Bf =5.50, By = 5.50.
Since
B; = By,
the optimal budget is uniquely determined as
B*™ =5.50.

Accordingly, the corresponding maximum attainable profit equals 61.50, and budget congestion occurs

whenever the available budget exceeds the optimal budget level, i.e.,
B > 5.50.

Based on Theorems 3 and 4, the following observations can be made.

(i) If B<5.50, the optimal objective value f(B) increases as the available budget increases.

(if) If B=5.50, the DMU achieves the maximum attainable profit, f(B)=61.50.

(iii) If B>5.50, additional budget does not improve the economic performance of the DMU. Consequently, the
DMU experiences budget congestion, since the additional budget provides no further improvement in the optimal
production system.

These results demonstrate that the proposed interval OSD DEA model is capable of identifying both the

economically optimal budget and the corresponding optimal production plan. Furthermore, the model provides a

23



Pouryusef et al.

practical mechanism for detecting budget congestion under interval uncertainty, thereby supporting more efficient
resource allocation and managerial decision-making.

To assess the robustness of the proposed approach, a brief sensitivity analysis was conducted by varying the
width of the input and output intervals for DMU 6. Specifically, the interval widths were increased and decreased
by 10% and 20%, and the corresponding optimal budget B** and maximum profit f(B**) were recomputed. The
results, summarized in Table 3, show that the optimal budget and maximum profit remain stable under moderate
variations in interval widths, indicating that the proposed model is robust to small changes in the interval bounds.
However, large variations in interval widths (> 20%) can lead to changes in the optimal system design, highlighting

the importance of accurate interval estimation in practice.

6. Discussion and Conclusion

The present study developed an interval-data Data Envelopment Analysis (DEA) framework for optimal system
design (OSD), with particular emphasis on profit maximization, optimal budget determination, and the
identification of budget congestion under uncertainty. The numerical findings demonstrated that the proposed
model was capable of generating an economically optimal input-output configuration for each of the ten decision-
making units (DMUs), while simultaneously incorporating uncertainty in benchmark production data. The
resulting optimal designs differed substantially across the DMUs, indicating that economically desirable
production configurations cannot be assumed to be uniform across units even when they operate within the same
reference technology. The corresponding maximum attainable profits also varied considerably. In particular, DMU
6 achieved the highest maximum profit, equal to 61.50, whereas DMU 2 exhibited the lowest maximum profit.
These results indicate that the proposed interval OSD approach differentiates DMUs according to their economic
production potential while accounting explicitly for bounded uncertainty in their observed input-output
information.

The observed heterogeneity in optimal input-output configurations is consistent with the fundamental logic of
DEA, according to which each production unit is evaluated or designed with reference to the feasible production
possibilities represented by observed peers rather than against a predetermined parametric technology. More
importantly, the present findings extend conventional DEA analysis by demonstrating that economically desirable
configurations can be identified even when benchmark production observations are represented by intervals rather
than precise values. This finding is compatible with earlier interval DEA research showing that bounded input-
output information can be incorporated into frontier analysis without eliminating the capacity of DEA to
distinguish between alternative production possibilities [10]. Wang et al. established that efficiency outcomes could
be meaningfully represented when production observations are known only within lower and upper bounds. The
present findings extend this principle from efficiency assessment to prospective system design: instead of merely
estimating an interval within which the efficiency of an existing DMU may fall, the proposed model uses interval-
valued benchmark data to construct an economically optimal production target.

The results are also aligned with the target-setting application of interval DEA developed by Malekmohammadi
et al., who demonstrated that interval information can support the determination of improvement targets rather
than being confined to descriptive uncertainty assessment [11]. The current study advances this perspective by
integrating target determination directly with a profit-maximizing objective and a financial resource constraint.
Thus, the optimal input and output quantities obtained in the numerical example are not simply technical

projections toward an efficient frontier. Rather, they constitute economically selected targets determined jointly by
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the empirical production technology, input costs, output prices, and the available budget. This distinction is
significant because a technically efficient target is not necessarily the economically most advantageous target. The
present results therefore support the broader movement in DEA from purely technical benchmarking toward
economically informed system configuration.

The finding that the proposed optimal designs lie on an economically relevant efficient frontier is also consistent
with the directional distance function literature. Directional distance functions provide a theoretical foundation for
considering simultaneous output expansion and input contraction while preserving consistency with the
production technology [1]. In the present framework, positive output prices and input costs similarly create a
systematic incentive to increase desirable outputs and avoid unnecessary input consumption. Consequently, a
dominated production configuration cannot constitute a profit-maximizing optimal design because an alternative
configuration producing more output without additional input, or requiring less input without reducing output,
would necessarily generate greater economic value. This relationship helps explain why the proposed interval OSD
framework generates Pareto-efficient production targets while retaining an explicitly economic objective.

The study's results also reinforce previous findings concerning the distinction between technical performance
and profitability. Research on Portuguese bank branches demonstrated that profitability differences can be
decomposed into technical and allocative components, emphasizing that economic performance reflects not merely
technological efficiency but also the appropriateness of resource allocation given economic conditions [2].
Subsequent work further developed decomposable measures of profit efficiency within DEA, showing that
meaningful improvement strategies require consideration of the economic consequences associated with
alternative input-output configurations [3]. Similarly, the present model determines the production configuration
that maximizes the difference between generated revenue and incurred input cost. Therefore, the substantial
variation in maximum profit across the ten DMUs should not be interpreted simply as variation in technical
productivity; it reflects differences in economically attainable production possibilities conditional on the
benchmark technology and budgetary structure.

The findings also accord with research demonstrating that profit-efficiency analysis can remain informative even
when conventional economic information is incomplete. Kuosmanen et al. showed that profit efficiency can be
evaluated using absolute and uniform shadow-price approaches, illustrating that economically meaningful frontier
analysis is possible under imperfect price-information environments [4]. More recently, inverse DEA methods have
been developed for cost and revenue efficiency where price information is unavailable, further illustrating the
adaptability of economic DEA models to situations in which conventional economic data assumptions are not fully
satisfied [5]. The current study addresses a different but related informational limitation: prices for the target system
are assumed known, whereas production information for reference units is uncertain. The results show that this
form of incomplete information can also be incorporated systematically without abandoning economic
optimization.

A central result of the present study concerned optimal budget determination. For the numerical illustration
associated with the maximum-profit production configuration, the optimal budget was identified as 5.50, at which
the maximum attainable profit reached 61.50. When the available budget was below 5.50, increases in budget
improved the optimal objective value; once the budget reached 5.50, however, the maximum attainable profit had
been achieved. Additional financial resources above this threshold produced no further increase in the maximum
profit under the original inequality-constrained model. This finding is theoretically important because it

demonstrates that the relationship between financial resources and economic performance is not indefinitely
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increasing. Rather, there exists an economically sufficient budget beyond which additional financial capacity
becomes redundant from the perspective of profit maximization.

This result directly supports the earlier OSD literature concerning optimal system design and budget
determination. Wei and Chang showed that DEA can be transformed from an ex post performance-evaluation
method into an ex ante system-design framework in which the economically desirable system and its associated
budget are determined simultaneously [6]. Their profit-maximizing OSD formulation further established that input
costs, output prices, and an available budget can be integrated with the DEA production possibility set to identify
a production configuration that maximizes economic return [7]. The present findings extend these insights to
interval-valued benchmark observations. Importantly, the existence of an identifiable optimal budget despite
uncertainty in the production data indicates that the OSD logic remains applicable when the empirical production
technology is described through bounded rather than exact observations.

The concave and non-decreasing relationship between the available budget and maximum attainable profit
before the economically optimal budget is reached can also be understood through parametric linear programming.
Parametric linear programming allows the right-hand side of a resource constraint to vary systematically and
enables the resulting changes in the optimal objective value to be examined across parameter ranges [8]. Within the
present framework, treating the budget as a parameter makes it possible to identify the point at which additional
financial resources cease to improve the optimal economic outcome. This provides a stronger managerial
interpretation than solving the OSD model for only a single predetermined budget, because managers can
distinguish between resource scarcity, an economically sufficient budget, and excessive budget availability.

The observed budget pattern is also consistent with Fang's analysis of optimal budgets in system-design DEA.
Fang demonstrated in a series-network context that optimal system performance need not require unrestricted
increases in budget and that determining the appropriate budget level is a distinct optimization problem [9]. The
present study supports this principle under interval uncertainty and extends it to the concept of budget congestion.
Specifically, when the available budget exceeded 5.50, additional budget did not increase maximum attainable
profit. Therefore, additional financial resources beyond the identified threshold did not create incremental
economic value. This result provides a direct operational interpretation of budget congestion within an interval
OSD environment.

The budget-congestion finding has particularly important implications. In conventional production analysis,
congestion generally refers to circumstances in which excessive quantities of inputs do not increase outputs and
may adversely affect performance. The current model adapts this logic to financial resources. When the decision
maker is permitted to leave part of the available budget unused, an amount above the optimal level does not
necessarily reduce maximum profit because the redundant resources need not be consumed. However, when full
budget expenditure is imposed, forcing the production system to consume funds beyond the economically optimal
level restricts the feasible allocation structure and can result in an inferior economic configuration. Thus, the study
demonstrates that an allocated budget and an economically productive budget should not be treated as equivalent
concepts.

This interpretation is particularly relevant for organizations in which complete budget expenditure is
institutionally encouraged or administratively required. The model demonstrates mathematically that maximizing
expenditure is not equivalent to maximizing economic performance. Once the economically optimal production
scale has been attained, compulsory allocation of additional resources may generate unnecessary input

consumption without producing sufficient additional output revenue. The result therefore contributes to the
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system-design literature by formalizing a financial counterpart of production congestion and identifying a
measurable threshold beyond which further spending becomes economically ineffective. This conclusion extends
earlier optimal-budget research [6, 9] by demonstrating that the phenomenon remains meaningful when the
underlying production observations themselves are uncertain.

The present findings further demonstrate why uncertainty should be incorporated explicitly into economic DEA
models. Robust DEA studies have shown that efficiency assessments based exclusively on deterministic
observations can be sensitive to uncertainty in the underlying data. Data-driven robust DEA models have
consequently been proposed to generate performance measures that better reflect uncertain operational
environments [13]. Similarly, robust DEA with variable budgeted uncertainty provides mechanisms for controlling
the extent of uncertainty considered within the optimization process [14]. Although the present study adopts an
interval-data rather than a robust optimization formulation, the findings are consistent with the broader conclusion
emerging from this literature: uncertainty in production information can materially affect frontier construction,
benchmarking, and resource-allocation decisions and therefore should be represented explicitly in the analytical
model.

The sensitivity analysis reinforces this conclusion. When the widths of the input and output intervals were
moderately varied, the optimal budget and maximum profit remained comparatively stable, indicating that the
proposed model was not excessively sensitive to small changes in interval specifications. However, larger changes
in interval widths could alter the optimal design. This finding is theoretically plausible because interval bounds
define the production possibilities from which the model constructs its economically optimal benchmark. Narrow
adjustments that do not materially alter the relevant frontier may leave the optimal solution unchanged, whereas
sufficiently large changes can change the relative attractiveness of reference combinations and therefore modify the
selected production plan. Generalized DEA research with imprecise data similarly emphasizes that the manner in
which uncertainty is represented can influence resulting efficiency characterizations [12]. The present findings
therefore highlight both the usefulness of interval modeling and the importance of establishing credible interval
bounds.

The results may also be viewed alongside alternative approaches to uncertainty in DEA. Chance-constrained
DEA has demonstrated that uncertain production conditions can be integrated with profit and scale considerations
when probabilistic information is available [15]. Likewise, chance-constrained network DEA has been employed to
address uncertainty in multi-stage production structures [16]. These approaches differ methodologically from the
interval representation employed in the present study, but they support the same broader proposition: production
planning and efficiency analysis should recognize uncertainty rather than imposing exact observations when the
available information does not justify such precision. Interval modeling is particularly useful when reliable
probability distributions cannot be specified but defensible lower and upper bounds are available.

The findings additionally provide a foundation for connecting the present static OSD formulation with emerging
dynamic and network economic DEA research. Integrated dynamic interval DEA demonstrates that interval
uncertainty can be accommodated across multiple periods and in settings involving complex data structures [17].
Moreover, dynamic network models using directional distance functions have shown how cost-effectiveness can
be evaluated across interconnected production stages and periods [18]. Recent value-based dynamic network DEA
further integrates cost and revenue efficiency with explicit target setting [19]. The present study complements these
developments by demonstrating that interval uncertainty can be incorporated directly into profit-maximizing

system design and optimal budget analysis. Collectively, these strands suggest a progression toward DEA models
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that simultaneously recognize uncertainty, internal production structure, temporal dependence, economic
performance, and managerial target setting.

Overall, the results indicate that the proposed interval OSD DEA framework successfully integrates four
analytically related but frequently separated issues: uncertain production information, economically optimal
system design, optimal budget determination, and budget congestion. The numerical application demonstrates that
the model can distinguish economically optimal production plans across DMUSs, identify the maximum attainable
profit, determine the minimum financially sufficient level associated with that optimum, and diagnose situations
in which additional budget ceases to create economic value. These findings support previous developments in
interval DEA, economic efficiency analysis, optimal system design, robust and uncertain DEA, and optimal
budgeting while extending them within a unified linear programming framework. Most importantly, the results
suggest that uncertainty-aware production planning should focus not on maximizing the quantity of resources
consumed but on identifying the combination of inputs, outputs, and financial resources that produces the greatest
attainable economic value.

Several limitations of the present study should be acknowledged. First, uncertainty was incorporated into the
input and output observations of the reference DMUs through interval bounds, whereas input costs and output
prices were assumed to be known precisely. In many real production environments, however, costs and selling
prices may themselves fluctuate considerably, and simultaneous uncertainty in technological and economic
parameters could affect optimal designs. Second, the proposed formulation represents an optimistic planning
framework based on favorable interval bounds and therefore may not correspond to the risk preferences of highly
conservative decision makers. Third, the model considers a static production structure and does not explicitly
represent intertemporal dependencies, carry-over activities, internal network stages, or dynamic adjustment costs.
Fourth, the numerical illustration contains only ten DMUs with three inputs and two outputs and was designed
primarily to demonstrate the analytical properties of the proposed method rather than to establish sector-specific
empirical conclusions. Finally, interval results depend on the credibility of the specified lower and upper bounds;
poorly estimated intervals that are excessively narrow or broad can influence the resulting optimal production
technology and associated budget recommendations.

Future research should extend the proposed framework in several directions. Models could simultaneously
incorporate uncertainty in production quantities, input costs, output prices, and available budgets to represent a
broader spectrum of real-world economic uncertainty. Conservative, optimistic, and intermediate formulations
could be developed within a unified framework so that decision makers can select targets according to different
levels of risk tolerance. The method could also be extended to dynamic, multi-period, network, and multi-stage
production technologies in which resources and intermediate products are transferred across stages or periods.
Incorporating variable returns to scale, undesirable outputs, environmental constraints, and integer or categorical
production variables would further increase the applicability of the approach. Future studies could compare
interval formulations with robust, stochastic, fuzzy, and chance-constrained alternatives to determine how
different uncertainty representations influence optimal budgets and production targets. Large-scale empirical
applications in banking, healthcare, education, manufacturing, logistics, energy, and public administration are also
needed to assess the external validity, computational performance, and managerial usefulness of the proposed
framework under realistic institutional conditions.

For practical application, managers should use the proposed framework as a resource-allocation and planning

instrument rather than solely as an efficiency-ranking procedure. Organizations can estimate defensible lower and
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upper bounds for uncertain inputs and outputs from historical observations, forecast ranges, expert assessments,

or operational records and use these intervals to generate economically meaningful production targets. Decision

makers should distinguish carefully between the budget formally available to an organization and the budget

actually required to achieve maximum attainable economic performance. When the model identifies an optimal

budget below the allocated amount, unused financial resources should not automatically be interpreted as evidence

of poor management; instead, managers should examine whether additional expenditure would produce

measurable economic value. Organizations that currently impose full-budget-consumption requirements should

consider incorporating marginal economic performance into expenditure decisions to avoid budget congestion.

Finally, interval estimates should be reviewed periodically, and sensitivity analyses should accompany major

resource-allocation decisions so that managers can determine whether recommended production targets remain

stable when underlying uncertainty changes.
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    S 1 =  { x  |   ∑  i = 1  m    c  i   x  i  L = B }


    S 2 =  { x  |   ∑  i = 1  m    c  i   x  i  L ≤ B }


    L  O S D 1


   (     L ^  O S D 3 )


    ∑  i = 1  m    c  i   x  i  L = B


    ∑  i = 1  m    c  i   x  i  L ≤ B ,


    S 1 ⊆   S 2 .


    f ^  ( B ) ≤ f  ( B ) .


    B ∗ ≤ B ,


  f  ( B ) = f  (   B ∗ ) .


    f ^  ( B ) ≤ f  ( B ) = f (   B ∗ )


    ∑  j = 1  n      𝜆 -  j  (   ∑  i = 1  m    c  i     x ^  i j  L ) = B


   (     L ^  O S D 3 )


   (     L ^  O S D 3 )


  C = ( 0 . 5 , 0 . 1 , 0 . 5  )  T


  P = ( 0 . 2 , 1  )  T


  f (   B  ∗ ∗ ) = 61 . 50 ,


    B  L ∗   ​ = 5 . 50 ,       B  U ∗ = 5 . 50 .


    B  L ∗ =   B  U ∗ ,


    B  ∗ ∗ = 5 . 50 .


  B > 5 . 50 .


    B  ∗ ∗


  f (   B  ∗ ∗ )

